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Abstract 
Heden, O., Maximal partial spreads and the modular n-queen problem, Discrete Mathematics 120 
(1993) 75-91. 
We prove that for any integer n in the interval (5q2 +4q - 1)/8 < n <q2 -q + 2 there is a maximal 
partial spread of size n in PG (3, q) where q is odd and q > 7. We also prove that there are maximal 
partial spreads of size (q’ +3)/2 when gcd(q+ 1,24)=2 or 4 and of size (q2+ 5)/2 when 
gcd(q+ 1,24)=4. 
1. Introduction 
A maximal partial spread in PG(3, q) is a set S of mutually skew lines such that any 
other line of PG(3, q) intersects at least one of the lines of S. The purpose of this paper 
is to show that if q is odd and q 3 7 then there is a maximal partial spread of size n for 
any interger n in the interval 
(5q2+4q-l)/8<ndq2-q++. 
We shall also construct maximal partial spreads of the following sizes: 
(q2+3)/2 when gcd(q+1,24)=2 or 4, 
(q2+5)/2 when gcd(q+1,24)=4 
and 
26 and 27 when q=7. 
In some of our constructions we us partial solutions of the modular n-queen 
problem. We will also prove that, if gcd(n, 12) = 2, then there is a partial solution with 
n- 1 queens to the modular n-queen problem and if gcd(n, 24)=4, then there is 
a partial solution with n-2 queens. 
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Our results extend results of Beutelspacher [l], Bruen and Hirschfeldt [4], Ebert 
[7] and Klove [14]. 
Beutelspacher proved that there are maximal partial spreads of size q2 + 1 - nq for 
any positive integer n such that n <(q- 1)/2. Ebert proved that there are maximal 
partial spreads of size q2 + 1 -q,/m. Bruen and Hirschfeldt constructed maxi- 
mal partial spreads of size (q2 +q + 2)/2 whenever 3 does not divide q + 1. Klove 
proved that if gcd(n, 6)=2 then there is a partial solution with n-3 queens to the 
modular n-queen problem. 
Our construction equals Beutelspachers and Eberts constructions. We start with 
a regular spread S and switch some of the lines of the reguli of S into some lines of the 
opposite reguli. Thereby several lines of S will be blocked and omitted. 
The reguli, that Beutelspacher switches, have one line in common. With his choice 
of lines of the opposite reguli, no other lines of PC (3, q) beside those of S will appear 
as new skew lines. 
Ebert considers a subregular spread S’, obtained by switching a set of t mutally 
disjoint reguli that satisfies a certain condition. Taking away the set of lines A of S’ 
that meets a certain set of lines L of PG(3, q), we get a set (S’\A) u L of lines that will 
be a maximal partial spread. The size of it will depend on t and the size of the set A. 
However, the size of A will in general be difficult to determine, and the limits for t is 
related to an open problem in number theory. 
Our construction also uses a subregular spread S’. Our subregular spread will be 
obtained from a set of mutually disjoint reguli, distinct from that of Ebert. We choose 
the set of lines L of PG(3,q) among a set of lines that behave like bishops on 
a modular chessboard. 
Bruen and Hirschfeldt [4] uses algebraic geometry in their construction. 
We finish this section with some historical facts. Mesner [lS] introduced this 
subject in 1967 by showing that there is no maximal partial spread (he called it 
complete partial spreads) of size n in PG(3,q) for any integer n in the interval 
q2 - & < n < q2 + 1. The first general construction of maximal partial spreads were 
found by Bruen [3] in 197 1. He constructed maximal partial spreads of size q2 -q + 2 
when q is odd of size q2 -q + 1 for any prime power q. Bruen also proved that there is 
no maximal partial spread of size n if n < q + & + 1. When q = 22m+ r maximal partial 
spreads of size q2 -q +2 were constructed by Bruen and Thas [5] in 1976, and when 
q=22” by Freeman [S] in 1980. Glynn [lo] improved in 1982 Bruens lower bound. 
He proved that there is no maximal partial spread in PG(3,q) of a size less than 2q. 
We proved [11] in 1986 that there is no maximal partial spread of size n for any 
integer n in the interval q2 - (1 + ,,,&) h/2 < n-c q2 + 1. This result was improved by 
Blockhuis, Brouwer and Wilbrink [2] and recently by Metsch [16]. 
2. Preliminaries 
Throughout this paper we assume that q =p” where p is an odd prime 
number. 
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By [6, p. 283 we may view PG(3, q) as a vector space V(4, q) of dimension 4 over the 
finite field GF(q). Further, as GF(q2) is a vector space of dimension 2 over GF(q), we 
may consider V(4, q) as a direct product GF(q2) x GF(q2). 
The 2-dimensional subspaces of V(4,q) will be called lines and the l-dimensional 
subspaces points. 
Let VI be a primitive element of GF(q2). The following subgroup H of the multiplica- 
tive group of GF(q2) will play a fundamental role in our investigations: 
H,jv14-i, $(Vl), $(q-i), ... ,+?+i)(q-l)= 1). 
L, will denote the line (0) x GF(q2), and for any two elements a and b of GF(q2), 
[a, b] will denote the line 
[a,b]={(x,ax+bxq)lxEGF(q2)}. 
Lemma 2.1. A line L is skew to the line L, if and only if L = [a, b] for two elements 
a and b of GF(q’). 
The lines [a, b] and [c, d] intersect if and only if u-c = (b - d) h for some element h 
of H. 
Proof. Trivially, the lines [a, b], a, bEGF(q2), are skew to the line L,. If L is skew to 
L, then L={(x,b(x))lxEGF(q2)} f or some homomorphism 4 from GF(q2) to 
GF(q2). It is easy to prove, see e.g. [lS, p. 1651, that any such homomorphism, in an 
unique way, may be written c$(x)=ux+ bxq for two elements a and b of GF(q2). 
The lines [a, b] and [c, d] intersect if and only if there is a nonzero element x of 
GF(q2) such that ux+bxq=cx+dxq. It follows that a-c=(d-b)xq-‘. As 
_l=yl(4-i)(q+1)/2EH and as x q- ’ E H for any element x of GF(q2) the second 
assertion of the lemma follows. 0 
From this lemma follows that the set of lines 
is a spread in PG (3, q). This spread will be a regular spread. 
We may use the group H to describe some of the reguli of S. Let [a+ bH,O] 
denote the set of lines ( [a+ bh,O] (hEH} and let [a, bH] denote the set of lines 
{[a,bh]IheH}. 
Lemma 2.2. If R is a regulus of S that does not contain the line L,, then, ,for some 
elements a, bEGF(q’), R = [a + bH, 0] and Ropp = [a, bH]. Conversely, any such set 
R respectively Ropp constitutes a regulus respectively an opposite regulus of S. 
Proof. Assume that the regulus R does not contain the line L,. Let [a, b] be a line of 
the opposite regulus of a regulus R. By Lemma 2.1, any of the q + 1 lines [a + bH, 0] of 
S intersects the line [a, b] and thus, as S is a regular spread, this set of q+ 1 lines will 
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constitute a regulus of S. Further, by Lemma 2.1, any of the lines in the set [a,bH] 
intersect any of the lines in the set [a + bH, 01. Thus the lines in the set [a, bH] will 
constitute the opposite regulus of the regulus [a + bH, 01. 0 
The group H may also be used to describe the points of a regulus [bH, 01. We shall 
say that P has the coordinates (h, k)*, if the point P is the intersection of the lines [bh, 0] 
and [0, bk]. 
Lemma 2.3. The line [c, d] meets the point (h, k& of the regulus [bH, 0] if and only if 
b = c/h + d/k. 
Proof. The intersection of the lines [bh,O] and [0, bk] is the subset 
{(x,bhx)IxEGF(q2), x4-l= h/k) of GF(q’) x GF(q’). This set will be a subset of the 
line [c, d] if and only if bhx = cx + dxq for those x of GF(q’) such that x*-r = h/k. This 
is equivalent to the equality bh=c+dh/k. 0 
Corollary. Zf the line [c, d] meets the point (h, k),, of the regulus [bH, 0] then the line 
[ce, df], where e and f belongs to H, will meet the point (he, kf ),,. 
Proof. Trivial, as ceJhe + df /kf = c/h + d/k = 6. 0 
3. Some properties of the group H 
Let (a, b) denote the number of solutions (x, y) of the equation ax + 1 = by, where 
a and b are elements of GF(q2) and where x and y are elements of H. Professor Aimo 
Tietavainen, Turku, Finland, pointed out to us that a Theorem of Howard Mitchell 
[17] could be useful when studying the number (a, b). 
For any two elements a and b of GF (q2 ) we let R (a, b) denote the following element 
of GF(q): 
Lemma 3.1. (a, b) equals two, one or zero according to whether R(a, b) is a nonsquare, 
equals zero or is a nonzero square of GF(q). 
Proof. Suppose that a= ni and b= nj. From Theorem 3 of [17] follows that 
(a, b)=2-s{, where s{ equals the number of solutions (iI, i,,j,,j,) of the following 
system of four equations: 
iI + i2 = i mod (q - l), 
j,+j,=jmod(q-l), 
(r4+l)il+l=(qq+l)jl, 
(114+l)i2+ 1=(V4+l)j2. 
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(We assume that il, iz, j, and j, are nonnegative integers less than q- 1.) Let 
x,=(@+l)ikandy,=(y qt r)jk for k E (1,2). The above system of equations is equivalent 
to the following system of four equations: 
xl+l=Y,, 
x,+l=y,, 
YIYz=bq+l, 
y,+y,=l-&+‘+bq+i. 
From the third and fourth of these equations we deduce that y, and y, are solutions to 
the equation 
If and only if R(a, b) is a nonzero square of GF(q) this equation has two distinct 
solutions. There will be only one solution if and only if R(a, b)=O. The lemma is 
proved. 0 
Lemma 3.2. GF(q) is the disjoint union of the two sets D= {x+ l/xlx~GF(q)\{O}} 
and E={h+l/hIh~H\{l,--l}}. A n e ement 1 d ,gf GF(q) belongs to D if and only if 
d2 -4 is a square of GF(q). 
Proof. We first note that a+ l/u= b+ l/b if and only if a= b or a= l/b. Hence, as 
HnGF(q)={l, -l}, we may conclude that the sets E and D are disjoint. It also 
follows that the set E contains (q - 1)/2 elements and the set D (q + 1)/2 elements. The 
first part of the lemma is thereby proved. 
For any dEGF(q), the equation d =x+ l/x has the solution x=(d &J(d2-4))/2. 
Hence xcGF(q) if and only if d2 -4 is a square of GF(q). 0 
The group H has a surprising property that we cannot avoid to mention. Denote by 
(1 - H)/( 1 - H) the following set: 
(1-H)/(1-H)={(1-h)/(l-k)lh,k~H\{1}}. 
Lemma 3.3. (1 - H)/(l - H)=GF(q2)\(GF(q)\{ 1)). 
Proof. We first observe that for any element g of H, g4= l/g. 
Asume that there are two elements h and k of H such that the quotient (1 - h)/( 1 - k) 
belongs to GF(q). Then 
and thus h = k. Hence, if h # k then (1 - h)/(l -k) does not belong to GF(q). 
Assumethat h#k,h’#k’and(1-h)/(l-k)=(l-hf)/(l-k’).Then(1-h)4/(1-k)4= 
(1-h’)4/(1 -k’)4 or equivalently k(l-h)/(l-k)h=k’(l-h’)/(l-k’)h’ and hence 
kh’= k’h. From our assumption we may also deduce that hk’ -(h + k’) = h’k -(h’ + k). 
We conclude that kh’ = k’h and k + h’ = k’+ h. From these two equalities follows that k’ 
and h satisfy the same second degree equation as h’ and k do. Consequently h = h’ and 
k = k’. The number of elements in the set (1 - H)/( 1 -H) is thus correct and the lemma 
is proved. 0 
Lemma 3.4. Assume that hEH\{ 1) and kEH\{l}. Then the element (1 -h)/(l -k) will 
belong to H if and only ij” h = k or h = l/k. 
Proof. From the proof of the preceding lemma, to any element CI of GF(q’)\GF(q) 
there are unique elements h and k of H such that c( =( 1 - h)/(l -k). As 
-h=(l -h)/(l- l/h) the lemma follows. 0 
4. Some intersection properties of the reguli of S 
Let S be as in Section 2. Let a1,u2, . . . , u4- 1 be a system of coset representatives of 
the multiplicative group H in the multiplicative group of GF(q’). The set of reguli 
Ca~H,01,C~2KOl,..., [a,_ 1 H, 0] will then be mutually disjoint. We denote this set of 
reguli by .%?. Any line of S, except the line [0, 0] and the line L,, is contained in one of 
the reguli of B. 
From Lemma 3.1 we get a formula, that describes the number of lines of a regulus 
[cH,O] that a line [a,h] meets. 
Lemma 4.1. Suppose that b ~0. 
(i) If R(a/c, b/c) is a nonsquare of GF(q) then the line [a, b] intersects two lines 
of the regulus [cH, 01. 
(ii) If R(a/c, b/c)=0 then the line [a, b] intersects one line of the regulus [cH,O], 
(iii) If R(a/c, b/c) is a nonzero square ofGF(q), then the line [a, b] does not intersect 
any line of the regulus [cH, 01. 
Proof. By Lemma 2.1 the line [a, b] intersects a line [cg,O], (gEH), of the regulus 
[cH, 0] if and only if there is an element h of H such that a - cg = bh or equivalently 
bh/cg + 1 = a/cg. The lemma now follows from Lemma 3.1. 0 
Let 9%?IU,h, denote the set of reguli of a that the line [a, b] meets. The following 
lemma will give an easy formula for the cardinality of the set Z%)IU,hl 
Lemma 4.2. Suppose that b #O. 
(i) Zf ab is a nonsquare of’ GF (q2) then 1 .BEa.hl I= (q + 1)/2. 
(ii) If a = bh for some element h of H then 1 9f\la.hl 1=(q + 1)/2. 
(iii) Ifab is a square ofGF(q’) and a/b$H then 19’ro,hII=(q+3)/2. 
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Proof. Any line [a, b] where b #O intersects q+ 1 of the lines of S\ {Loo 1. Let t(a, b) 
denote the number of reguli of 9 such that [a, b] intersects only one of its lines. As any 
line [a, b], b #O, intersects at most two of the lines of a regulus [cH, 0] we get that 
la,,,,l= 
i (q+ 1 -~(a, b))/2+t(a, b) if [a, b] does not meet the line [O,O], 
(4 - t (a, b))/2 + t(a, b) if [a, b] meets the line [O,O] 
From Lemma 2.1 we get that the line [a, b] intersects the line [O,O] if and only if a = bk 
for some element kEH. By the preceding lemma, and the fact that d~cH if and only if 
#+‘=cq+l, t(u, b) equals the number of elements cq+l of GF(q) such that 
R(u/c, b/c)=O. This is an equation of degree two for cq+’ that has the solution 
c4+l,k4+’ +u~+‘f2,/(u~+1b~+1). 
Hence t (a, b) < 2. If and only if ub is a nonsquare of GF(q*) there is no such solution 
cq+l. This proves the lemma. 0 
In the remainder of this paper we will deal with the set of reguli 9,,,,,. By Lemma 
2.1 the line [l, l] intersects the lines [(l +k,O], keH, of the spread S, and hence 
As the set (1 + k)H equals the set (1 + l/k)H the above set contains (q+ 1)/2 distinct 
reguli. It follows from the results of Section 2, e.g. the corollary of Lemma 2.3, that, for 
any two elements k and k of H, &?‘Ch,kl =W,,, ,,. The crux in our investigations is to prove 
that the converse of this statement is true. 
Theorem 4.1. If q>,7 then cZ~~,~~=B?~,,~~ ijuny only if both a and b belong to H. 
Proof. It remains to prove that if the line [a, b] meets the same reguli of .% as the line 
[l, l] does, then both a and b belong to H. 
We first assume that u/b $ H. 
As u/b$H we get by Lemma 2.1 that the line [a, b] does not meet the line [O,O]. 
Hence, from Lemma 4.2, [a, b] will intersect two lines of each regulus of 9+,, ,,. As the 
line [a, b] meets the lines [a + bH, 0] of S we get that to any kEH there is an element k’ 
of H, k # k’, such that the two lines [a+ bk, 0] and [a + bk’,O] are contained in the 
sameregulus [(l+k)H,O] of%!,,,,, for some /E H \ { - l}. Let us define a map 4 from 
H onto H\{ - 1) by 4(k)=li and $(k’)= l/k. 
Observe that for any element g of H, g q+‘= 1. Hence, as (1+4(k))g=u+bk for 
some element g of H, we get the equality (1 +4(k))qf1 =(a+ bk)q+l and find it 
equivalent to the equation 
uq+1+b~+1+uqbk+ubq/k=2+~(k)+l/~(k). (4.h) 
Since H is a multiplicative subgroup of GF(q’) we know that the sum of the 
elements of H equals zero. Further, for two distinct elements g and g’ of H, either 
82 0. Heden 
4(g) # 4(g’) or 1=4(g)= &g’). Consequently, as the image of 4 equals H\ { - l}, 
h;Hd4h)=l+l+ c h=1+1+0=2. 
hczH\;-1.1) 
Hence, if we sum, for all ~EH, both sides of the equations (4.h), we will end up with the 
equality 
aq+‘+bq+‘=6. 
From this equality and the equation (4.h) we conclude that 
4(h)+ l/q5@)+4(-h)+ l/+(-h)=8 ~EH. (4.1) 
As the image of 4 equals H\{ - l} a b ove equation implies that for any element x of 
H\{ - l} there is an element x’ of H\{ - l} such that 
x+l/x+x’+l/x’=8. (4.2) 
Now, remember that H n GF(q)= { 1, - l}. Further, by Lemma 3.2,GF(q) is the 
disjoint union of the two sets {g+l/gIgEH\{l, -l}} and {x+l/xlx~GF(q)\{O}}. 
Hence we may conclude that to any element x of GF(q)\{ l,O} there must be an 
element x’ of GF (q)\{ l,O} such that (4.2) holds. Define a function s(x) by 
s(x)=(8-(x+1/x))‘-4. 
If the above condition is satisfied, then by Lemma 3.2, s(x) will be a square of GF(q) if 
xcGF(q)\{O, 1) and a nonsquare of GF(q) if XEH\ { - 1). To anyone that have been 
concerned with finite fields this seems to be impossible. If we prove that it is 
impossible, then, according to the original asssumption, we have proved that 
BEO,hl = W,,, ,, implies that a/b E H. 
We note that s(x) may be factored: 
S(X) = [(x - 3)’ - S] [(x - 5)2 - 241/x 2. 
We first assume that the characteristic of GF(q) equals 3. In this case 
s(x)=(x2+ 1)(x+ 1)2/x2. 
If s(x) is a square for any xEGF(q)\{O, 1) then x2 + 1 must be a square for every 
xEGF(q)\{O, l}. It is well known that this is not the case if q29. 
Next we consider the case of characteristic 5. In this case 
s(x)=(x2-x+ 1)(x2+ 1)/x? 
If s(x) is a square of GF(q) for any xEGF(q)\{O, l> then the polynomial 
p(y)=s(y-2)s(-y-2) must be a square of GF(q) for any y~GF(q)\{2,3}. We may 
factor p(y): 
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Thus (y- l)(y+ l), i.e. y2- 1, must be a square for any yEGF(q)\{2,3}. This is never 
the case if qa25. 
It remains to consider finite fields of a characteristic different from 3 and 5. 
Let r(x)=s(x)x2. We shall prove that the following two conditions never will be 
satisfied: r(1) is a nonsquare and r(x) is a square for any xeGF(q) \{O, I}. 
As r(1) = 32 =4= 22 (mod 7) we immediate have a contradiction in the case of 
characteristic 7. We may thus also assume that the characteristic does not equal 7. 
As r(7)= -160= -5r(l), r(9)= -224= -7r(l) and r(-3)= 1120=35r(l) we get 
that r(7)r(9)=r( -3)r(l). Hence, if r(1) is a nonsquare and r( - 3) a square then at least 
one of the elements r(7) and r(9) must be a nonsquare. 
We have proved that if a,,,, =.B?t,, r, then a = bh for some element h of H. It remains 
to prove that UEH. 
We assume that a=bh for some element h of H. 
If the line [a, b] does not meet a regulus [c& 0] then, we get from Lemma 4.1 that 
for some element x,# 1 of GF(q): 
l/c q+i=(l -x,2)/(4&+‘). (4.3) 
As a is a fixed element of GF(q2), we note that to distinct reguli [cH,O] correspond 
distinct squares x,’ of GF(q). 
As I%!,,, I1 I= (q + 1)/2 and as the number of distinct reguli of 9 is q - 1, we get in this 
way (q- 3)/2 such squares x,2, i.e. all squares of GF(q)\{O, l}. The sum of all these 
squares are - 1. If we sum over all reguli in the set a,,,,,, we thus get 
~(l/Cq+i)=((q-3)/2-(-1))/(4uq+‘). 
As Bra,/,, =a,,,,, we conclude that exactly the same relation will hold if we let a = b = 1. 
Hence we get the equality 
(q-l)/(8uq+‘)=(q-1)/8. 
We conclude that uq+i = 1 and thus that UE H. 
The theorem is now proved. 0 
The following example shows, that the result of the proposition does not hold in the 
case q = 5. 
Example 4.1. Let q = 5 and consider the finite field GF (25). Let q denote a generator 
of the multiplicative group of GF(25)\{0}. W e may choose ye to satisfy the irreducible 
equation x2 =4x + 3. a,,. ,, will consist of the reguli [H, 01, [r2 H, 0] and [q3 H, 01. One 
may prove that 9J?146,V1 = W,,, ,, . 
5. The main result 
Let S denote the regular spread defined in Section 2. Let T denote the following set 
of lines of S: 
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Proposition 5.1. For a line L of PG(3,q) that does not intersect any of the lines of 
T there are three possibilities: 
(i) L = [h, k] for two elements h and k of H, 
(ii) L = [O,O], or 
(iii) L belongs to either R or Ropp for some RE~?~,.,,. 
Proof. The proposition is an immediate consequence of Theorem 4.1. 0 
By Lemma 2.3 and its corollary, the line [h’, k’], where h’, k’EH, meets the points 
(h’, k’lh), + h and (h//h, k’), +h of the regulus [(l + h)H,O] (notations as in Section 2). 
That is, the line [h’, k’] meets the points in the intersection of the lines [(l + h)h, 0] and 
[O,(l+ l/h)k’] respectively the two lines [(l +h)h’/h,O] and [O,(l+ l/h)k’h]. 
To get a more convenient description of this fact we introduce some new notations: 
The regulus [ (1+ h) H, 0] will for h = n e(q-l) be denoted R,. The opposite regulus of 
R, will be denoted Rzpp. Note that R,+ 1 -e= R, and that 99[,, , consists of the reguli R, 
for Ode< (q- 1)/2. 
The line [h’,k’] where h’=npe’(q-l) and k’=nf’(q-l) will be denoted (e’,f’). The 
line [(l +h)n-e’(qpl),O] of a regulus R,, h=neCq-l), will be denoted (e’, *), and the 
line [O,(l + l/h)qf”q-” ] of the opposite regulus RZPP will be denoted (*,f’)e. The 
intersection point of the two lines (e’, *)e and (*, f ‘), will be denoted (e’, f ‘),. 
Lemma 5.1. The line (e’,f’ ) meets the points (e’, f ‘), and (e’ + e, f’ + e), of the regulus 
R,. (The addition is modulo q+ 1). 
Proof. Trivial consequence of the corollary of Lemma 2.3. 0 
Lemma 5.2. The two lines (e,f> and (e’,f’) intersect if and only if e-f-e’-f’ 
(mod q + 1) or e +f = e’ +f’ (mod q + 1). 
proof. Let h=qpe(qel), k=qf(q-l), h’=~-e’(q-l) and k’=#‘(qpl), and assume that 
the two lines [h, k] and [h’, k’] intersect. Then, by Lemma 2.1, the quotient 
(h-h’)/(k- k’) belongs to the group H. As h’ and k’ also belong to H and as H 
is a multiplicative group, we may conclude that then also the quotient 
(1 - h/h’)/( 1 -k/k’) belongs to H. By Lemma 3.4 this implies that either h/h' = k/k’ or 
h/h’=k’/k or equivalently Il(~e+e')(4-l),~(f-f')(q-l) respectively q(-e+e')(4-')= 
)+1'-/)(4-1). As vm,vlm' if and only if m = m’ (mod q + 1) the lemma follows. 0 
We now prove the main result of our investigations. 
Theorem 5.1. For each integer m in the interval 
(5q2+4q- 1)/8dmdq2-q+2 
there is a maxima/ partiat spread of size m in PG(3,q), 937. 
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Proof. The case m = q2 -q + 2 was settled by Bruen [3]. (Some of the other cases have 
been proved by others, see Section 1.) 
Let B, denote the following set of lines of PG(3,q): 
B,={(O,i)]O<idp}. 
We will assume that Odp d (q- 1)/2. Let Fp,i and Fisp denote the set of lines of Ri 
respectively RPPP that the lines in the set B, do not meet. 
By Lemma 5.2, the lines in the set B, are mutually skew. From Lemma 5.1 we 
observe that for any integer p, 1 bp dq, any line [h, k] = (e,f), (h, /cEH) intersects at 
least one of the lines in the union of the three sets B,,FiPf’ and F,,i. 
Let T be as above. For any subset E of the set A4 = (0, . . . , (q - 1)/2] we let E’ denote 
the set M\ E. By Proposition 5.1 and the previous observation we may conclude that if 
OEE’ and E # 8 then the set 
TV B,u’ u Fp,i’ U’ U FBP~ ’ 
ieE isE’ 
is a maximal partial spread. Trivially 
I TI=(q’--2q- 1)/L 
IB,I=p+l, 
lFOpPOPI=q-P, 
lE,,il=q-f, 
IF”dl;I=q-p-i. 
We may conclude that the number of lines of this maximal partial spread is 
q2-q+l-_(IEl--l)(p-l)- 1 e. 
G?eE 
If we let p=(q- 1)/2 and consider different choices of the set E we may produce 
maximal partial spreads of size m for any integer m in the interval 
q2-q+l-(lEI-l)(2q-2-IEl)/2dmdq2-q+1-(IEI-l)(q-3+~E~)/2. 
If we let p = (q - 3)/2 then we will get maximal partial spreads of size m for any integer 
m in the interval 
q2-q+~-(IEI-~)(2q-~-IEl)/2~mdq2-q+1-(~E~-l)(q-5+~E~)/2. 
These intervals contain, for different choices of I E 1, all integers m in the interval 
(5q2+4q-l)/8<m<q2-q+l-(q-3)/2. 
If we let E= (0, I} then the size of the maximal partial spread will be q2 -q+ 1 --p 
where O,<p<q- 1. The theorem is proved. 0 
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6. Some constructions 
In this section we use partial solutions of the modular n-queen problem to construct 
maximal partial spreads with few lines. 
A modular chessboard of size n x n may be viewed as a chessboard on a torus: 
a bishop in the position (a, b) attack a piece in the position (x, y) if and only if 
a+b=x+y (modn) or a-b=x-y (modn). 
A solution of the modular n-queen problem is a set of n queens on a modular 
chessboard of size n x n such that no two queens attack each other. 
A partial solution of the modular n-queen problem is a set of n’ queens, where n’ < n, 
on a modular chessboard of size n x n such that no two queeens attack each other. 
Let M(n) denote the maximum number of queens that a partial solution of the 
modular n-queen problem may contain. It is easy to prove, see e.g. [14], that 
M(n) < n- 1 if gcd(n, 6) # 1 and that M(n) = n if gcd(n, 6) = 1. For example, the set of 
queens {(x,3x)]x=O,1,2 ,..., n - 1) is a solution of the modular n-queen problem if 
gcd (n, 6) = 1. 
Let (i,*) denote the row { (i,x)IxEZ,} and (*,i) denote the column 
{<x,i)lx~Z,S. 
If n is an even integer we may paint the squares of the II x n-chessboard in the colors 
white or black. (a, b) will be a black square if a-b is an even integer and a white 
square if a-b is an odd integer. 
Example 6.1 (Notations as in Section 5). Let q = 7 and n = 8. Consider the set of lines 
B= {(O,O), (2,4), (3, l), (4,5), (5,2), (7,6)}. By Lemma 5.2 these lines are mu- 
tually skew. By Lemma 5.1 these lines do not meet the lines in the set 
D={ (l,*)e, (6,*),, (*,3),, (*,7),, (l,*)3}. Any other line of the reguli Ri and 
RPPP, for i = 0, 1,2 and 3, has a non-empty intersection with at least one of the lines of 
B. Let C= { (0,3), (7,3), (3,7), (4,7) >. A s can easily be seen (draw a chessboard to 
convince yourself), any line of C has an empty intersection with the lines of B and any 
line [h, k] = (a, b) $C (h, kEH) intersects at least one of the lines of B. We also note 
that any line in the set C meets one of the lines (*, 3), and (*,7),. By Proposition 5.1 
we thus may conclude that the set of lines 
7-uBui(*,3)0, (*,7),, (1,*)3), 
is a maximal partial spread. The size of this maximal partial spread will be 26. In equal 
manner we find that the set of lines 
TuBuj(O,3), (7,3), (*,7),, (l,*),j 
is a maximal partial spread of size 27. 
Theorem 6.1. Let n=q + 1. If gcd(n, 12)=2 then there is a maximal partial spread of 
size (q2 + 3)/2 in PG(3, q). 
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Proof. Let m=n/2. Divide the modular chessboard of size n x n into four subchess- 
boards: 
A={(i,j)IO<i<m,O,<j<m}, 
B=((i,j)IO<i<m,mdj<n}, 
C={(i,j)Imdi<n,OGj<m}, 
D=(i, j)Im<i<n,m< j<n}. 
Take any of the modular solutions of the modular m-queen problem and place 
m queens according to this solution at the subchessboard A. Take the same solution 
and place it on the subchessboard B. Any of the first m rows of the n x n-chessboard 
will then contain two queens and, as m is odd, one of these two queens is on a black 
square and the other one on a white square. Further, no two queens attack each other 
along a diagonal. 
Next we move all queens on black squares in the following way: a queen at the 
position (x,f(x)), where x-f(x) is an even integer, will be moved to the position 
(x+m- l,f(x)) which, as m is odd, also is a black square. The row (m, *) will contain 
two queens. Let them attack and take away the queen that looses. Assume that the 
fallen queen was in the position (w,z). 
Of the n - 1 queens that resist no two attack each other, i.e. they constitute a partial 
solution of the modular n-queen problem. 
To find a maximal partial spread of size (4’ + 3)/2 we let B consist of the lines (e,f) 
for which there is a queen at the position (e,f) in the above partial solution of the 
modular n-queen problem. By Lemma 5.2 these lines are mutually skew. These n- 1 
lines intersect any of the lines of the reguli Ri and RPPP for 1 <i < m. They intersect all 
lines of R,, beside the line (n- 1, *) and they intersect all but one of the lines of Ripp. 
From Lemma 5.1 follows that the line in the set B all have an empty intersection 
with the line (w,z). By Proposition 5.1 we thus may conclude that the set of lines 
where T is as in Section 5, will constitute a maximal partial spread. The size of this 
maximal partial spread is the desired. 0 
Klove [14] proved the following theorem. 
Theorem (Klove). M(n)=n-2 ifgcd(n,6)=3, n-36M(n)<n-1 ifgcd(n,6)=2 and 
that n-5<M(n)<n-1 ifgcd(n,6)=6. 
Note that the proof of Theorem 6.1 contains an improvement of Klsves result as 
follows. 
Theorem 6.2. M(n) = n - 1 if’gcd (n, 12) = 2. 
We now prove the following. 
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Theorem 6.3. M(n) 3 n - 2 if gcd (n, 24) = 4. 
Proof. Let v=n/4 and m=n/2. 
As v is odd and not divisible by 3, the set of positions { (x, 3x) 10 <x < o} constitutes 
a solution of the modular v-queen problem. Use this solution to get a partial solution 
((x,f(x)) 10 <x <m - 1) of size m - 1 to the modular m-queen problem as described in 
the proof of Theorem 6.1. Complete this set of queens with the set of queens in the 
positions (x,f(x) + l), 0 <x <m - 1, wheref(x) is as above. We now have II - 2 queens 
on the modular m x m-chessboard. 
These n-2 queens are now placed on a n x n-chessboard in a way that will be 
described in the next paragraphs. The result will be a partial solution of size n-2 of 
the modular n-queen problem. 
First some preparations. We use the notation of subchessboards A,B,C and 
D described in the proof of Theorem 6.1. Further we say that the set of squares 
{(x,t+x)lxEZ/mZ} is the maindiagonal number t and the set of squares 
{(-x, t + x) 1 xEZ/mZ} the hidiagonal number t. Note that any such diagonal, with the 
exception of two diagonals, is by the border of the chessboard divided into two parts. 
We let a queen on the m x m-chessboard be an A-queen if she with keeping its 
position on the m x m-chessboard will be placed on the subchessboard A. In the same 
manner we define B-, C- and D-queens. An AB-queen is a queen that either is an 
A-queen or a B-queen and so on. 
We first divide the set of queens into two parts: AD-queens and BC-queens. 
There is one single queen on the bidiagonal {(-x, m - 1 +x) 1 xsZ/mZ}. Let her 
be an AD-queen. Start a walk on the chessboard at this queen and follow the 
maindiagonal until you reach another queen. If this queen is placed on the same part 
of the diagonal, she will be a BC-queen. Otherwise she will be an AD-queen. This 
implies that these two queens never will attack each other on the n x n-chessboard. 
Continue along the bidiagonal through that second queen until you reach a third 
queen. If this third queen is placed on the same part of the diagonal she will not be of 
the same kind as the second queen. Otherwise she will be of the same kind. From our 
special choice of solution of the modular v-queen problem follows, that if we continue 
in the same manner we will meet all queens that are placed on white squares. 
The queens that are placed on black squares will be partitioned into AD-queens and 
BC-queens in the same way by starting with the queen in the position (0,O) as an 
AD-queen. 
It remains to make the final choice: if a queen is an AD-queen, will she then be an 
A-queen or a D-queen, and equally for BC-queens? 
We start with the AD-queen in the column (*, m + 1). She is the only queen in that 
column. We decide her to be an A-queen. Next, we follow her row until we meet 
another queen. If she is an AD-queen we let her be a D-queen, and if she is a BC-queen 
we will let her be a C-queen. These two queens will never be placed in the same row on 
the n x n-chessboard. We switch to the column of the second queen and follow it until 
we find our third queen. We choose her to be an A-, B-, C- or D-queen so that the third 
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and second queens never will be placed in the same column of the n x n-chessboard. 
We continue in the same manner following rows and columns. Again, from our choice 
of solution of the modular u-queen problem this trip will include all queens. The last 
queen we will meet is the single queen in the column (*,m). 
It is straightforward to check that the construction works, and thus the theorem 
will be proved. Cl 
Corollary. Let n = q + 1. If gcd(n, 24) = 4 then there are maximal partial spreads of the 
sizes (q2 + 3)/2 and (q2 + 5)/2. 
Proof. Let v = n/4 and m = n/2. 
Consider the partial solution of the modular n-queen problem described in the 
proof of Theorem 6.3. Let B consist of the corresponding set of lines, i.e. (e,f) E B if 
and only if this partial solution of the modular n-queen problem has a queen at the 
position (e,f). 
From the construction in the proof of Theorem 6.3 follows that there are no queens 
in the rows and columns (m- 1, *), (n- 1, *), (*, 3m) and (*, 3m+ 1). Consequently, 
by Lemma 5.1, the lines of B do not meet any lines of the reguli Ri and Rppp, 
Obi<(q- 1)/2 with the exception of the lines (m- 1, *),,, (n- 1, *),,,(*, 3u),,, 
(*,3u+l), and (*,3u+l),. 
Further, the maindiagonals 2 and m + 1 are empty as well as the bidiagonals m and 
n-1.Thisimpliesthat,ifandonlyif(e,f)~{(u-1,v+1),(3v-1,3u+1),(v-1,3v), 
(3~ - 1, u) } then a line [h, k] = (e, f) (h, k~ff) does not intersect any of the lines of B. 
Hence, by Proposition 5.1 the set of lines 
and the set of lines 
TuBu{(v-1,v+1),(u-1,3v),(m-1,*),,(n-1,*),} 
are maximal partial spreads. Their sizes are (q2 + 3)/2 respectively (q2 + 5)/2. 
7. Two remarks 
Remark 1. From the proof of the theorem of Klove, mentioned in Section 6, it is an 
easy exercise to find, with the method developed in that section, maximal partial 
spreads in PG(3, q) of size n where n is close to (q2 + 1)/2. 
Remark 2. In [12] we describe maximal partial spreads of size 23,24 and 25 in 
PG(3.7). We found these maximal partial spreads by using a computer and repeating 
a greedy algorithm several times. 
We also used a computer to repeat the following random process several times: 
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If you pick a line at random in PG(3, q) and then a new line at random skew to the 
first line and then continue in an evident manner you will, as PG(3,q) is finite, 
terminate with a maximal partial spread. 
For q = 5,7 and 11 the following empirical results were obtained. (n denotes the size 
of the maximal partial spread and x(n) denotes the number of maximal partial spreads 
of size n that appeared.) 
PG(3,5), 1000 trials: 
n 15 16 17 18 19 20 21 22 23 24 25 26 
x(n) 2 28 122 290 243 132 147 21 0 0 0 15 
n 
.x(n) 
PG(3,7), 296 trails: 
27 28 29 30 31 32 33 34 35 36 
3 7 35 60 77 68 28 9 8 1 
PG(3,l l), 100 trials: 
n 58 59 60 61 62 63 64 65 66 67 
x(n) 7 13 15 19 18 19 4 3 1 1 
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